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My PhD focuses on the analysis and development of the 
PFEM for new applications involving free surfaces/interfaces 
 
Bird strike experiment 
Presentation layout 
• PFEM general ideas 
 
• Correct formulation for incompressible free-surface flows 
 





PFEM general ideas 
The first step in the PFEM is discretizing the continuum 








The particles carry all the physical and mathematical information 
(density, viscosity, velocity, pressure, …) 
Then, particles are free to move and at each time step a 





                                               (new velocities, pressures, nodes positions,…) 
𝑡𝑁 
𝑡𝑁+1 
Formulation for incompressible  
free-surface flows 
The starting point are the equations of the continuum 




= div 𝛔 + 𝜌𝒃   in 𝛀 
D𝜌
D𝑡
+ 𝜌 div 𝒖 = 0 in 𝛀  
𝒖 𝒙, 𝑡 = 𝒖 𝒙, 𝑡 ∀𝒙 ∈ Γ𝐷 
𝛔 𝒙, 𝑡 ∙ 𝒏 = 𝒕 𝒙, 𝑡 ∀𝒙 ∈ Γ𝑁 
𝛔 = 𝛔T 
From now on I will concentrate on Newtonian 








(grad(𝒖) + grad(𝒖)T) 𝛔 = −𝑝𝐈 + 2𝜇𝐃 𝒖  , 




= div 𝛔 + 𝜌𝒃   in 𝛀 
D𝜌
D𝑡
+ 𝜌 div 𝒖 = 0 in 𝛀  
A stable weak form can be obtained by using a Galerking 





⋅ 𝒘 dΩ =  𝑝𝐈 ∶ grad 𝒘  dΩ −  𝜇 grad 𝒖 ∶ grad 𝒘  dΩ +
ΩΩΩ
 
− 𝜇 grad 𝒖 T ∶ grad 𝒘  dΩ
Ω
+ 𝜌0 𝒃 ⋅ 𝒘 dΩ +  𝒕 ⋅ 𝒘
Γ𝑁Ω
 dΓ  
 div 𝒖 𝑞 dΩ
Ω




















+ 𝐃𝒖 + 𝐋𝒑 = 𝑯 
∀𝒘 ∈ 𝑯1(Ω)| 𝒘 = 𝟎 on Γ𝐷, ∀𝑞 ∈ 𝐿
2(Ω) 
In order to validate the method we have tested it for a 
classical sloshing example, for which an analytical solution 
exists 
𝜌0 = 1 kg/m
3 
𝜇  = 0.01 kg/ms  
Our results perfectly agree with the analytical solution, 
better than those found by other authors 
Careful! For free-surface flows some dangerous 
simplifications are often proposed in the literature 











= (… ) −  𝜇 grad 𝒖 ∶ grad 𝒘  dΩ +  ( 𝒕 − 𝜇 grad 𝒖 T𝒏 ) ⋅ 𝒘 dΓ
Γ𝑁Ω
 






= (… ) +  𝒕 ⋅ 𝒘 dΓ
Γ𝑁





To introduce the problem, let’s consider again a sloshing 
example, but with a very coarse discretization 
1 2 
3 4 
Some odd oscillations in the pressure field appear when 
the time step is decreased 
A first observation: the evolutions of the vertical velocity at 
node 5 for meshes 1 – 4, without performing any remeshing, 
are very different 
The remeshing introduces perturbations in the velocity field 
which have to be counter-balanced by the pressure gradient 
𝐌






+ 𝐊𝛿𝒖 + 𝐃T𝛿𝒑 = 𝟎 
+ 𝐊(𝒖 n+1+𝛿𝒖) 
+ 𝐃T 𝒑 n+1 + 𝛿𝒑 = 𝑩 
𝒖n+1 = 𝒖 n+1 + 𝛿𝒖 
𝒑n+1 = 𝒑 n+1 + 𝛿𝒑 
Now, let’s take a look at a more realistic problem… 
Pressure sensor 
[ Experimental results  available online on the SPHERIC community website: https://wiki.manchester.ac.uk/spheric ] 
The present method can reproduce the global evolution 






blue dots: numerical 
If a reasonable discretizationis used pressure evolution 

















Experimental (thick = 124 mm)
Experimental (thick = 62 mm)
Numerical, dt=0.002s
Nevertheless, pressure oscillations are still present and 


















Numerical, dt = 0.002s
Numerical, dt = 0.001s
On fluid-solid boundaries higher gradients are present 
and/or the discretization can become too coarse: this is 
where pressure oscillations appear the most! 
Conclusions 
Correct free-surface flows formulation: 
 
- Avoid imposing pressure at the free surface 




- Use large time steps 
- Use fine discretizations 
- Different fluid-solid contact definition  

Some references 
• Cremonesi M., Frangi A. and Perego U. A Lagrangian nite element approach for the analysis 
of fluid-structure interaction problems. Int. J. Num. Meth. Engng. (2010) 84:610-630 
 
• Idelsohn S., Oñate E. and Del Pin F. The particle finite element method: a powerful tool to 
solve incompressible flows with free-surfaces and breaking waves. Int. J. Num. Meth. Engng. 
(2004) 1(2):267-307 
 
• Radovitzky R. and Ortiz M. Lagrangian finite element analysis of Newtonian fluid flows. Int. J. 
Num. Meth. Engng. (1998) 43:607-619 
 
• Souto-Iglesias A., Botia-Vera E., Martin A. and Perez-Arribas F. A set of canonical problems in 
sloshing. Part 0 : Experimental setup and data processing. Ocean Engineering (2011) 
38(16):1823–1830.  
 
• Tezduyar T.E., Mittal S., Ray S.E., Shih R. Incompressible flow computations with stabilized 
bilinear and linear equal-order-interpolation velocity-pressure elements. Comput. Methods 
Appl. Mech. Engrg. (1992) 95(2):221-242 
 
• Wu G. X., Eatock Taylor R. and Greaves D. M. The effect of viscosity on the transient free-
surface waves in a two-dimensional tank. Journal of Engineering Mathematics (2001) 40:77-
90  
